futures prices, per se, is not sufficient to establish that the optimal hedge ratio is time varying. Constancy of the hedge ratio restricts the ratio of the covariance between cash and futures prices to the variance of futures prices to be constant, but it need not restrict the moments of the joint distribution of cash and futures prices in any other way.
Unfortunately, the particular parametric GARCH models that have been used to date admit a constant hedge ratio only under very restrictive conditions, so that the hypothesis of a constant optimal hedge ratio can be tested only jointly with other hypotheses. The main purpose of this paper is to develop a more general GARCH parameterization that yields a constant hedge ratio as a special case, while still allowing for a flexible timevarying distribution of cash and futures prices. The model is illustrated with an application to the problem of storage hedging of corn using futures prices from the Chicago Board of Trade and Iowa cash prices for the period 1976-1997.
The Optimal Futures Hedge and GARCH Models
A typical hedging model in our setting involves a decision maker who allocates wealth between a risk-free asset and two risky assets: the physical commodity and the corresponding futures (Myers, 1991 set, implying that the hedge ratio of interest is independent of risk preferences. 3 If the joint distribution of cash and futures prices changes over time, then as defined above may OHR t also change over time. 4 The time path of can be calculated given knowledge of the OHR t (time-dependent) covariance matrix for cash and futures prices, which can be estimated with GARCH models. But, clearly, the optimal hedge ratio can still be constant even if and both vary over time, as long as the covariance term is for testing the null hypothesis of a constant optimal hedge ratio. Consider, for instance, the constant conditional correlation model used by Cecchetti, Cumby, and Figlewski (1988) to estimate time-varying hedge ratios within an ARCH framework, or the constant conditional correlation GARCH model developed by Bollerslev (1990) and applied to hedge ratio estimation by Kroner and Sultan (1993) . This specification is elegant and computationally attractive. However, with a constant conditional correlation coefficient , the optimal hedge ratio must satisfy . Thus, in this OHR t h 11,t h 22,t specification a constant hedge ratio can be obtained only if the variance of the cash price is perfectly proportional to the variance of the futures price, a condition that is patently unattractive.
Other popular MGARCH parameterizations also are not suited to testing for a constant optimal hedge ratio. The "diagonal vech" specification (Baillie and Myers, 1991; Myers, 1991) , for example, admits a constant optimal hedge ratio only when there are no GARCH effects (i.e., it can only arise if the conditional covariance matrix is itself constant). Furthermore, this specification does not restrict to be H t positive definite (PD), which turns out to be troublesome for estimation of
MGARCH models of cash and futures prices. 5 The "general vech" parameterization can improve on the flexibility of the model for testing a constant OHR, but this model is usually over-parameterized and difficult to estimate because it does not require H t to be PD either. The PD MGARCH specification estimated by Baillie and Myers (1991) overcomes this latter problem. But a constant optimal hedge ratio in this model requires that the correlation between cash and futures be restricted to equal unity (Moschini and Aradhyula, 1993) , implying that there is no basis risk (cash and futures prices are perfectly correlated) and thus no meaningful hedging problem.
A New GARCH Parameterization for OHR Estimation and Testing
To overcome the limitations of existing GARCH parameterizations for optimal hedge ratio estimation and testing, we develop a new specification that is rooted in what Engle and Kroner (1995) way does not restrict the sign of the impact that they can have on volatility levels, a desirable property in our context given that will often include deterministic variables
such as seasonality and time-to-maturity effects.
Finally, to generalize the BEKK model to make it useful for testing the constant optimal hedge ratio hypothesis, we write the matrix as t where is a constant parameter to be estimated. Given the parameterizations in (1) Hence, our modified BEKK parameterization provides a reasonably parsimonious model that is easy to estimate (PD imposed) and flexible enough to allow time-varying hedge ratios but that facilitates a simple and meaningful test of the constant optimal hedge ratio hypothesis (i.e., , ). From equations (1) and (2) All of these restrictions can be tested easily using a likelihood ratio or Wald approach.
An Application to Hedging Corn
The modified BEKK model is applied to the problem of estimating and testing optimal hedge ratios for speculative storage of corn in the Midwest. It is assumed that an investor buys and stores corn for resale at a later period, the price of which is unknown at the time of purchase. The investor can hedge the long cash position by selling futures, has a weekly time horizon, and always uses the nearby contract (the contract with the nearest maturity date lying beyond the current month). The nearby contract is typically the most actively traded, and this liquidity makes it attractive to potential hedgers. It is assumed that the investor takes out futures positions and holds the position for a week. At the end of the week, the investor reevaluates the futures position and chooses a new hedge ratio for the following week. Hence, the hedge ratio may be adjusted every week to reflect time-varying volatility. On dates when the next week lies in a delivery month for the nearby future, it is assumed that the investor switches to hedging in the next delivery month (the "nearby" contract switches to the next delivery month).
The price series used are mid-week (Thursday) prices. parameter , on the other hand, captures the fact that (other things being equal) the cash 0 price rises throughout the crop year to reflect carrying charges (storage costs). However, because we are using data spanning many crop years, we have to allow for the fact that the rate of growth in cash prices may vary seasonally, and that the cash price normally drops around harvest periods, hence the inclusion of the seasonal dummy variables .
D it
Equations (9) and (10) are consistent with cash and futures prices being I(1) and cointegrated (Enders, 1995) , but they allow the long-run equilibrium relation between cash and futures prices to be influenced by seasonality and by time to maturity (T-t) .
Time to maturity is included in the equilibrium relationship to reflect the fact that we expect cash and futures prices to converge at maturity (other things being equal, the cost of storage should cause a larger difference between cash and futures prices the further the futures are from maturity).
Estimation. In the present application the innovations are assumed to
follow a bivariate GARCH(1,1) process, which is parameterized by the modified BEKK model discussed earlier with , , and . Estimation is carried out using quasi-
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maximum likelihood methods that employ a conditional normal distribution for . Many u t studies have found commodity price innovations to have fatter tails than normal (e.g., Baillie and Myers, 1991) . For this reason, we test the normality assumption and use quasi-maximum likelihood standard errors for hypothesis testing (Bollerslev and Wooldridge, 1992; Lumsdaine, 1996) . There are I(1) variables in equation (9) but these variables are assumed to form a stationary linear combination (long-run equilibrium), and so maximum likelihood estimation, and any hypothesis tests done on the conditional variance part of the model, is valid (Sims, Stock, and Watson, 1990; Phillips, 1991) .
Results. Results for the general modified BEKK are shown in Table 1 , along with results when the deterministic hedge ratio restrictions (hedge ratios only vary with the deterministic seasonal dummy and time-to-maturity variables) and constant hedge ratio restrictions are imposed. The "t-ratios" in the table are a ratio of the estimated parameter to the standard error estimated via quasi-maximum likelihood. The deterministic component of the conditional variance part of each of these models has a constant , a ij,0 variables represent seasonal variation in the conditional variance while the time-tomaturity variable accounts for the fact that different futures prices may behave differently depending on time to maturity. The time-to-maturity variable also accounts for a possible "jump" in volatility when shifting from a maturing futures contract to the next nearby maturity date. These same variables are used to investigate deterministic movements in the hedge ratio over time [i.e., they are used as the variables in (6)].
x t
We see from the conditional mean estimates at the top of Table 1 that cash price movements have statistically significant seasonality at conventional significance levels, and that cash prices, futures prices, and time to maturity are related in an intuitive way (for example, an increase in time to maturity increases the difference between the current futures and cash price). 11 In the conditional variance part of the models there appears to be significant seasonality and time-to-maturity effects (as expected), as well as significant conditional heteroskedasticity. It is also interesting to note that in all three models reported in Table 1 , at least some of the parameters are statistically different from zero t at conventional significance levels. Table 2 contains model evaluation statistics for the three models (general modified BEKK, deterministic hedge ratio, and constant hedge ratio). We see that the cash price residuals from the general modified BEKK do not appear to be autocorrelated, and the conditional variance model does a good job of explaining cash price conditional heteroskedasticity. In the futures price equation there is weak evidence of high-order autocorrelation in the residuals and in the squared standardized residuals (suggesting the possibility of residual GARCH effects in the futures price equation not captured by the model). Overall, however, the general modified BEKK seems to fit the data reasonably well. In the models incorporating the deterministic hedge ratio restrictions and constant hedge ratio restrictions, we see that there is very strong evidence of remaining conditional heteroskedasticity in both the cash and futures price equations. This immediately suggests that the general modified BEKK provides a better fit and that the deterministically varying and constant hedge ratio models may not be consistent with these data. Sample The first pair of tests investigate the restrictions that the covariance matrix is constant (constant covariance matrix), and that the covariance matrix changes only with deterministic seasonal and time-to-maturity effects (deterministic covariance matrix).
Both of these sets of restrictions are soundly rejected against the general modified BEKK.
Hence, there is strong evidence that the conditional covariance matrix of cash and futures prices does vary through time, and that this variation cannot be explained simply by seasonal and/or time-to-maturity effects.
The second pair of tests in Table 3 investigate whether a conventional BEKK model (with and without deterministic components) can explain these data as well as the general modified BEKK (i.e., we test the restriction that is the identity matrix for t all t). Both conventional BEKK specifications are also rejected against the general modified BEKK. This suggests that the general modified BEKK may be a useful parameterization in its own right, quite apart from its uses as a meaningful model to test the constant hedge ratio hypothesis.
The third pair of tests in Table 3 investigate whether the deterministic hedge ratio and constant hedge ratio restrictions given in (8) above are formally rejected against the general modified BEKK alternative. In both cases the null hypothesis is rejected at essentially any significance level. This provides strong evidence that optimal hedge ratios are indeed time varying and in ways that cannot be explained simply by deterministic seasonal and time-to-maturity effects. It appears that, in this application, hedge ratios do vary over time in ways that can be captured using GARCH models.
To investigate how much time variation is occurring in the estimated optimal hedge ratios, we graph the in-sample modified BEKK hedge ratios in Figure 1 , together with the constant hedge ratio estimate. In Figure 2 we graph the deterministically varying hedge ratios (seasonal and time-to-maturity effects only), again together with the constant hedge ratio estimate. It is clear that the modified BEKK hedge ratio displays considerable additional time variation compared to either the constant hedge ratio or a hedge ratio 
Conclusion
In this paper we have provided a new GARCH parameterization that modifies the Engle and Kroner (1995) BEKK formulation. The new parameterization is particularly useful for estimating time-varying optimal hedge ratios and testing the null hypothesis that they are constant over time. Our approach overcomes an important limitation of previous studies, where the null hypothesis of a constant hedge ratio was only identified jointly with other restrictive conditions (such as, for example, that the distribution of cash and futures prices is time-invariant). As shown in this paper, such additional restrictive conditions are not necessary to obtain a constant optimal hedge ratio. In particular, we have developed modified BEKK parameterizations for the bivariate GARCH(q,r) model that nest the hypothesis of a constant hedge ratio (or of an exogenously varying hedge ratio) but retain flexible time-varying variances and covariances, even under the null hypothesis. to 1997. We find significant GARCH effects in the cash and futures prices, and these GARCH effects are still present even when accounting separately for seasonality and time to maturity, which are themselves significant components of the time variation in the covariance matrix. Furthermore, using Wald quasi-maximum likelihood tests we formally reject the null hypothesis that the ratio of conditional covariance of futures and cash prices to conditional variance of futures prices (the optimal hedge ratio) is constant at essentially any significance level. We also reject the null hypothesis that optimal hedge ratios vary only systematically with seasonality and time-to-maturity effects at essentially any significance level. Thus, our statistical tests support the conclusion that optimal hedge ratios for weekly storage hedging of corn in the Midwest are indeed time varying in ways that cannot be explained simply by seasonality and time-to-maturity effects.
